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ON INVARIANT MANIFOLDS OF LINEAR DIFFERENTIAL EQUA- 
TIONS 

In the present paper, we develop the ideas of the Bogolyubov method of integral 
^ ; manifolds for linear differential equations. The obtained result can also have a 



in 



practical interpretation and be used in applications. 



1. Two Lemmas 

^ ! Suppose that matrices ^i{t) and ^2{t) are continuously differentiable for all 

■ t G E, ^i{t) G M,jm(E), ^2{t) G Mpm{R), where m>n>p = m-n, and the 
J3 ■ following condition is satisfied: 

Let ^i{t) and $2^(^) denote matrices pseudoinverse to ^i{t) and ^2{t) and 
defined by the condition 

O 

^' ^ ^'^^^^[^t{t),^Ut)) = E, EeMUm- (1) 



X ■ Let 



Mi{t) = <^tmi{t), (2) 



M2it) = <ptm2{t). (3) 

If follows from (HD and the definitions of the matrices Mi(t) and M2{t) that 
these matrices satisfy the conditions 

Ml{t) = Mi{t), iy=l,2, rank Ml (t) = n, rankM2(t) = p, 
Mi{t)M2{t) = M2{t)Mi{t) = 0, Mi{t) + M2{t) = E. (4) 



1 



Let us prove equality Indeed, since the matrix is inverse 

to the matrix ^ ^ ' multiplying the latter from the left by the matrix 

$^(^)) we obtain the equality 



which is equivalent to equality 

In the space R"^, we define two subspaces by using the matrix Mi(i), namely, 

M-{t) = {yeR^:y = M,{t)y}, (5) 



M--"(t) = {^GM"^:Mi(t)^ = 0}, (6) 
and two subspaces by using the matrix M2{t): 

Ml{t) = {y^MI^:y = M2{t)y], (7) 

M[^-^{t) = {yeW-: M2it)y = 0}. (8) 

Lemma 1. The subspaces M^{t) and Mi{t), k G {fijp}, satisfy the 
conditions 

M^{t) = M]^-P{t) = ker $2(^), M"^-"(t) = Mf (t) = ker ^i{t). 

Indeed, according to properties of the matrix Mi{t), the general solution of 
the equation defined by subspace (Ej) is the function 



y = M^{t)c{t), (9) 

where c{t) is an arbitrary function with values in MJ^. According to properties 
of the matrix M2(i), the general solution of the equation defined by subspace 
(E]) is the function 

y={E- M2{t))ci{t) = Mi{t)ci{t). (10) 

Thus, the general solutions of the considered equations coincide for c{t) = ci(t), 
which proves the equahty M^{t) = M^^^{t). 
It follows from the definition of M^^^ that 

M^-P{t) = ker M2{t) = ker 

Taking into account that the equahty ^2{t)x = implies that ^2{t)^2('^)^ = x = 0, 
we conclude that ker = and, hence, ker (i)$2(^)) = ker ^2{t)- This 

proves the first equality of Lemma 1. The second equality is proved by analogy. 



Lemma 2. The mapping ^i{t) : y = ^i{t)x is a diffeomorphism of M" 
into M^{t), and the mapping $^(^) : y = 25 a diffeomorphism of M" 

into M"^-"(^). 

We prove only the first assertion of Lemma 2 because the second assertion 
is proved by analogy. 

The matrix ^t(t)., as a block of the matrix inverse to | ^^^^} I , is continu- 

^ V ^2(^) J 

ously differentiable and has a continuously differentiable pseudoinverse matrix, 
namely ^i{t). Therefore, to prove the first assertion of Lemma 2, it remains to 
prove that the mapping ^i{t) : MJ^ — > M^{t) is a homeomorphism. 

Since ker$^(t) = 0, we conclude that ^i{t) is a homeomorphism of R" into 
the image of $j^(t;R") under the mapping ^i{t) : M" — > M"^. It remains to 
prove that = M"(^). 

Assume that this is not true. Then either there exists a point y G ^i{t; M") 
such that y ^ M'^{t) or there exists a point y G such that y ^ ^Ht; R"). 

In the first case, y is the image of a certain point from R"^, namely the 
point X = ^i{t)y, according to the equation y = ^^(t)x. In this case, we have 
y = ^^{t)^i{t)y, y = Mi{t)y, y G M^(t), which contradicts the assumption. 

In the second case, we have y = Mi{t)y and, according to y = Mi{t)c{t) 
for a certain c{t) G R"'. Thus, y = Mi{t)c{t) = ^\{t)^i{t)c{t) = ^t{t)x, 
where x = $i(t)c(t), i.e., y is the image of the point x under the mapping 
^i{t) : R"" — > R"', whence y G $j'"(i;R''). This contradicts the assumption. 

2. Main Theorem 

According to the results presented above, every continuously differentiable 
nonsingular matrix ^ ^ defines, in the (t, ?/)-space RxR"^, m = dim ^ 

the two subspaces 

ker $i(t) = (t), n = dim$i(t), 

ker ^2{t) = M{""''(i), p = dim ^2{t) = m - n, 
and two diffeomorphisms 



: R^ ^ M™-"(i). 



Using a matrix Q{t) G M,^(]R) continuous for all i G M, we introduce, in the 
(t,?/)-space M x M™, a linear vector field {t,y' = Q{t)y) the integral curves of 
which are defined by the solutions y = y{t) of the differential equation 

If the union of the subspaces M]^{t) and M^~^{t) (or one of these subspaces) 
is the union of integral curves of the vector field {t^y')^ then these subspaces 
are called invariant manifolds of the differential equation ([T]) or the vector field 
{t,y'). If the subspace Mi{t), k G {n,p}, is an invariant manifold of Eq. ([T]), 
then "the motion of its points y in the (t, ?/)-space is independent of the motion 
of the points y outside the subspace M^{t) for both t > and t < 0." 

We pose the problem as follows: Find conditions under which the subspace 
Mi{t) is an invariant manifold of Eq. ([T]). An equivalent statement of this 
problem is the following: Find conditions under which the solutions y = y{t) of 
Eq. satisfy one of the additional conditions 

y = M,{t)y (2) 

and 

Mi{t)y = (3) 
for any t G R. 

Finally, according to the terminology of Krylov-Bogolyubov nonlinear me- 
chanics [1, 2], the invariant manifold M^{t) of Eq. ([T]) is an integral manifold 
of Eq. (11]) if, for any solution y = y{t) of Eq. ([T]), the fact that the inclusion 

y{t) G M\t), 

holds for a certain t = to implies that this inclusion is true for any i G M. 

Therefore, the posed problem is equivalent to the problem of finding condi- 
tions under which the subspace M^{t) is an integral manifold of Eq. ([1]). 

Theorem 1. Suppose that Q{t) G M^(M), ^{t) G M™^(M), m > n, 
^~^{t) G Mmn{^), and rank$(t) = n. Let Q{t) be a continuous function and 
let ^{t) and ^~^{t) be continuously dijjerentiable functions for all t G M. Also 
assume that ^^{t) is a matrix pseudoinverse to the matrix ^{t) and 

M-{t) = {yeR^:y = M{t)y}, 
M™-"(t) = {ye : M{t)y = 0} 
M{t) = $+(t)$(t), 

L(M, Q) = ^ + MQ- QM. 
at 



Then the following assertions are true: 

1. The subspaces M'^{t) and M"^~"(t), taken together, are invariant mani- 
folds of the differential equation 

I = <?(% (/) 

if and only if 

L{M{t),Q{t)) = Q. 

2. The subspace M^{t) is an invariant manifold of the differential equation 
(I) if and only if 

L{M{t),Q{t))M{t) = 

for any t G R. Moreover, if M'^{t) is an invariant manifold of Eq. (I), then, 
on M'^{t) defined by the diffeomorphism 

y = X e 

Eq. (I) is equivalent to the equation 

with the coefficient matrix 

^'W = + *(«)<?(*)) 

i.e., the fundamental matrices of solutions of Eqs. (I) and (II) Y{t) and 
y(0) = E, X(0) = E e M„(M), satisfy the relations 

y(t)$+(0) = 
X{t) = $(t)F(t)$+(0) 

for any t G M. 

3. // M'^~'^{t) is an invariant manifold of Eq. (I), then 

ker L{M{t),Q{t))D M'^-^'it) 

for any t G M. 

We now pass to the proof of the theorem. Let 
L{M{t),Q{t)) = VtGM. (4) 



Consider the function 

r = {E-M{t))y{t), (5) 
where y = y{t) is a solution of Eq. (1) corresponding to the initial conditions 

y{to) = M{to)c (6) 



and c is an arbitrary point of the space R"\ According to definition ([5]), the 
function r is equal to zero for t = to : 

r = r^ = {E- M{to))y{to) = {E - M{to))M{to)c = 0. (7) 

Differentiating function ([5]), we obtain 

dr dM{t) 



dt dt 



+ {E-M{t))Q{t)y{t) = 



= Q{t)y{t) - + M{t)Q{t) - Q{t)M{t)^ y{t) - Q{t)M{t)y{t) = 



= -L(M(t), Q{t)y{t) + Q{t){y{t) - M{t)y{t)) = Q{t)r. (8) 
According to ([71), it follows from ([H]) that r{t) = 0. Therefore, 

y{t) = M{t)y{t) G M. (9) 

On the one hand, we have 

rankM(^) = rank < min(rank$+(t), rank$(t)) = n, 

while, on the other hand, 

n = rank($(t)$+(t)$(i)$+(t)) = rank ($(t)M(t)$+(t)) < rankM(t). 

Therefore, rankM(t) = n for any t G M. Then the subspace of defined by 
points (15]) is n-dimensional. Since points (ED belong to the subspace M'^(to), 
the subspace M'^(to) coincides with the subspace defined by Eq. (E]). In this 
case, equality (Ej) means that 



y{t) G M"(t) G M 

for any solution of Eq. (1) with initial value ^(^o) = ^(^o)c for an arbitrary 
c G W^. Thus, the subspace M'^{t) is an invariant manifold of Eq. (1). 
We now find the solution y = y{t) of Eq. (1) with the initial conditions 

y{h) = {E-M{to))c, (10) 



where c is an arbitrary point of R"*, and consider the function 

ri = M{t)y{t). (li; 

Differentiating this function, we get 
dn dM{t) 



dt dt 



-y{t) + M{t)Q{t)y{t) = 



= + M{t)Q{t) - Q{t)Mit)^ y{t) + Q{t)M{t)yit) = 

= L(M(t), Q{t))y{t) + Q{t)r = Q{t)r. (12) 
By definition, the function ri is equal to zero at the point t = to : 

n = r\ = M{to)y{to) = M{to){E - M{to))c = 0. (13) 
Therefore, it follows from ([I2j) and (13]) that ri{t) = for any t G R. Thus, 

M{t)y{t) = G R, 

which completes the proof of the inclusion 

y{t) e M^~\t) (14) 
for any ^ G R. 

Consider rank [E — M{to)) = m — rankM(to) = m — n. Thus, the subspace 
formed by points ( ITOl ) is (m — n) -dimensional and coincides with the subspace 
M™~"(to)- In this case, inclusion (jHj) means that the subspace M^~^{t) is an 
invariant manifold of Eq. (1). 

We have proved that the condition L{M{t),Q{t)) = is sufficient for the 
subspaces M^{t) and M^^^{t), taken together, to be invariant manifolds of 
Eq. (1). 

Let the subspace M'^{t) be an invariant manifold of Eq. (1). Consider the 
solutions of Eq. (1) 

y = y(t)$+(0)c, (15) 
where c is an arbitrary point of R"^. The relation 

^(0) = y(0)$+(0)c = $+(0)c G M"(0) (16) 
yields the inclusion 

y(t)$+(o)c G M" gr. 



This means that 

Y{t)^+{0)c = M{t)Y{t)^+{0)c (17) 

for any c G MJ^ and, hence, for unit vectors of the space W"\ It foUows from 
(Ej) that 

y(t)$+(0) = M{t)Y{t)^+{0) (18) 

for any ^ G M. 

Let Xt denote the matrix 

Xt = $(t)y(t)$+(o). (19) 

We rewrite ( ITSl ) in the form of the relation 

Y{t)^+{0) = ^+it)Xu (20) 

which is true for any ^ G M. Differentiating ( I2U| ) with regard for ( |T5| ) and (HSj), 
we obtain 

Q(t)Y(tmO) = + *+(«)^, (21) 

Subtracting ( 1^ from ([22]), we get 

$+(,)^ = ^^(^) + ^(^)^(^)) ^^(^)^^ 



+ $(t)Q(t) U+(^)X, 



(23) 



This proves that 

^ ^ [ dt \ dt 

for any t G R. Since ker$+(t) = 0, equahty (ESj) is possible only if 

dXt 
dt 

where 



= P{t)X„ (24) 



P(t) = (^ + mQ{t))'^^(t). (25) 



By definition, we have 

Xo = $(0)y(0)$+(0) = E, Ee Mn. (26) 
Therefore, 

Xt = X{t) e R. (27) 

Thus, if M'^{t) is an invariant manifold of Eq. (1), then ( 12U| ) takes the form 
y(t)$+(0) = ^+{t)X{t), (28) 



where X{t)^ -^(0) = ^? is the fundamental matrix of solutions of Eq. (HM. 
Multiplying (EHj) from the left by $(t), we get 

X{t) = $(t)y(t)$+(0). (29) 

Differentiating (fTHj). we obtain 

Qy(t)$+(0) = {^^^ + M(t)Q(^) - Q{t)M{t)^ y(t)$+(0)+QM(t)y(t)$+(0). 

(30) 

In view of (|T8]). relation ( 1301 ) yields 

L(M(t),Q(t))y(^)$+(0) = 0. (31) 
Using (ED) and (EUj), we get 

L{M{t),Q{t))^+{t)X{t) = Q. 
Multiplying this equality from the right by X^^(^), we obtain the final result 

L(M(t),Q(t))$+(i) = (32) 
for any t G M. 

Thus, the fact that the subspace M^{t) is integral imphes that all conditions 
of the theorem related to this case are satisfied; to this end, it suffices to rewrite 
equafity ( 1251 ) as an equation of the subspace M^{t) in the parametric form: 

y = ^+{t)x, x G M", teR. (33) 

Assume that the condition 

L(M (t), Q{t))^+{t) = G R, (34) 



is satisfied. Multiplying from the right by the matrix ^(t)X{t), where X{t) 
is the fundamental matrix of solutions of Eq. ( [24| ) with coefhcient matrix (1251). 
X(0) = E, we obtain 

L{M{t),Q{t))M{t)X{t) = VtGR. (35) 
Now consider the function 

r = y{t) - ^+{t)X{t)c, (36) 
where y = y{t) is the solution of Eq. such that 

y{to) = ^+{to)X{to)c (37) 
and X{t), X{0) = E, is the fundamental matrix of solutions of the equation 

I = Pity. (38) 



with coefficient matrix (E5])- Differentiating function (BSj), we obtain 



- = Q{t)y{t)- y-^mc + ^\t)P{t)X{t)c^ = Qmy{t)-<^^t)X{t)c) ] + 

+Qm+{t)X{t)c- (^^^^X{t)c + ^+{t)P{t)X{t)c^ = 

= Q{t)r - + <^^{t)P{t) - Qm^t)) X{t)c . (39) 



Let us prove that the second term in (ES]) is G Mmn- Indeed, taking (125]) into 
account, we get 

+ t'^it) (^ + mQitij - Qm^it) = 



dt dt 



^ -$(t) + $+(i)— $+(t). 



M(t)Q(^)$+(t) - Q{t)M{t)^+{t) + Q(t)M(t)$+(t) - Q{m^{t) = 

= + M{t)Q{t) - Q{t)M{t)^ <P+{t)+ (40) 

in 



+g(t)$+(t)$(t)$+(i) - Qm+{t) = 0. 

With regard for (HDI). equality (ESI) takes the form 



at - ^W"-- 



(41) 



For t = to, according to (B7{). function (ESD is equal to zero: 



T{h) = y{h)-^^{h)X{h)c = {). 
Therefore, it follows from ( 1411 ) that 
r(t) = V^gR, 



(42) 



and, hence 



y{t) = $+(t)X(t)c Vt G R, 



(43) 



where c is an arbitrary point of the space M". 

Since ( 1151 ) is the parametric representation of the equation of the subspace 
M"(t), it follows from that the condition that 



for t = to implies that inclusion ([Mj) holds for any t G R. This proves that 
condition ( IMj ) is not only necessary but also sufficient for the subspace M^{t) 
to be an invariant manifold of Eq. ([T]). 

This completes the proof of the second assertion of Theorem 1. 

Let the subspace M™~'^(t) be an invariant manifold of Eq. ([T]). Consider the 
solutions y = y{t) of Eq. ([T]) defined by the relation 



(0)7/(0) = M{0)Y{0){E - M (0))c = M{0){E - M(0))c = 
that y{0) G M"^"'XO) and, hence, y{t) G M'^-'^t) Vt G R. This proves that 



y{t) G M^{t) 



(44) 



y{t) = Y{t){E-Mmc, 



where c is an arbitrary point of R' 
It follows from the relation 



M{t)Y{t){E - M(0))c = G R. 



(45) 



Differentiating this equality, we get 




+ M{t)Q{t) - Q{t)M{t) Y{t){E - M(0))c + 
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+Q{t)M{t)Y{t){E - M (0))c = L{M{t), Q{t))Y{t){E - M(0))c = 0. (46) 

The points y = {E — M{0))c define the subspace M"^^'^(0). Therefore, the 
equation 

y = Y{t){E-M{0))c, cgM™, teR, (47) 

defines the subspace M'^^'^it) in the parametric form. Therefore, equality ( 1461 ) 
means that 

ker L{M{t), Q{t)) D M'^-'^t) G M. (48) 

Thus, inclusion ( HSI ) is a necessary condition for the subspace M^^^{t) to be 
an invariant manifold of Eq. ([T]) . 

Assume that the subspaces M^{t) and M^~^{t), taken together, are invariant 
manifolds of Eq. ([T]). Then equality (EID yields 

ker L{M{t), Q{t)) D Y{t)M{0)c G M, (49) 

where c is an arbitrary point of W^. Moreover, since the equation 

y = Y{t)M{0)c, ceW, teR, 
defines the subspace M'^{t) in the parametric form, it follows from ( H^ that 

ker L{M{t), Q{t)) D M^(i) G R. (50) 

Thus, if the subspaces M^{t) and M^~^{t)^ taken together, are invariant man- 
ifolds of Eq. (□), then 

ker L{M{t), Q{t)) D {M^{t) U M'^'^{t)). (51) 

Since rank M"(^) = n, rankM"'"'^^) = m - n, and M'^(t) n M"'-"(t) = {0}, 
we conclude that the union on the right-hand side of expression ( I5T1 ) contains 
a basis of the space M™. Therefore, relation ( IHTI ) yields 



ker L(M(^), Q{t)) D G R. (52) 

Since ker L{M{t), Q{t)) G M™(]R) G M, inclusion (I52D is possible only if 

ker L(M(t),Q(t)) = 0. (53) 

Thus, condition ( 1531 ) is not only sufficient but also necessary for the subspaces 
M"(t) and M™^"(t), taken together, to be invariant manifolds of Eq. ([T]). 



1. N. N. Bogolyubov, On Some Statistical Methods in Mathematical Physics [in 
Russian], Academy of Sciences of Ukr. SSR, Kiev (1945); N. N. Bogolyubov, 
Collection of Scientific Works [in Russian], Vol. 4, Nauka, Moscow (2006). 



2. N. N. Bogolyubov and Yu. A. Mitropol'skii, Asymptotic Methods in the 
Theory of Nonlinear Oscillations [in Russian], Fizmatgiz, Moscow (1963); N. N. 
Bogolyubov, Collection of Scientific Works [in Russian], Vol. 3, Nauka, Moscow 
(2005). 



YAK 517.9 

A. M. CaMOHJieHKO (Ih-t MaxeMaTHKH HAH YKpaTHH, KhTb) 

IIpO iHBapiaHTi MHOrOBH^H JliniHHHX flH4)epeHLl,iajIB.HHX piBHHHb. 

B poGoxi po3BHHeHo i^e'i Mexofly inxerpajibHHx MHoroBH^iB M. M. BorojiioGoBa cxocobho 
jiiHiflHHx ;];H(|)epeHii;iajibHHx piBHSHb. OxpHMaHHfl peayjitxax Moace snafixH npHKjia^Hy inxep- 
^ - npHxaii;iio xa sacxocyBaHHH. 

O 

^ ■ 1. JXb'i jieMH. 



^3 



O 



Hexali MaxpHn;i $i(t) xa $2(^) nenepepBHO ^H(|)epeHn;iiioBaHi ^jia Bcix t & R, G Mnm{R), 



Q>^ . ^2{t) e Mpm{R), fl,em>n>p = m — ma sa^oBojibnaioxb yMOBy 



u 



(N 

! Hexaft 



HosHaHHMo Hepes ^t{t) xa $2^(t) nceBflooGepHeni xa $2(^) Maxpnii;!, BHSHanem 

yMOBOK) 
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^: Mi(t) = $+(t)$i(t), (2) 

in 

O : M^it) = ^tit)^2it). (3) 



a xaKOJK 



Is ([T]) xa BHSHaneHb MaxpHii;b Mi(t) xa M2(t) BHnjiHBae, mo MaxpHn;i sa^^oBojibnaioxb yMOBH 
M^(t) = Mi(t), 1/ = 1,2, rankMi(t) = n, rankM2(t) = p, Mi(t)M2(t) = M2{t)Mi{t) = 0, 



Mi(t) + M2(t) = (4) 
/I,oBe;];eMo piBHicxb (Hj). CnpaB;i,i, ocKijibKH MaxpHij,a oGepHena MaxpHn;i 

^^1^1 ] ' ™' flOMHOJKHBmH ocxaHHK) 3JiiBa Ha MaxpHij,io {^i{t), oxpHMaeMo piBHicxt. 

<I'2W / 

$+(t)$l(t) + <l>+(t)<l>2(t)=i?, 

3Ka XOXOJKHa flO piBHocxi dl]) . 

BH3HaHHMo B npocxopi R^ flfia niflnpocxopn, BHKopHcxaBniH MaxpHn,K) Mi{t): 

M^{t) = {yeR^:y = M,{t)}, (5) 
M'"-"(t) = {yGi?'":Mi(t)t/ = 0}, (6) 
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Ta fl,Ba ni;];npocTopH, BHKopHCTaBniH MaTpHn,io M2{t): 

Ml{t) = {yeR^:y = M,{t)}, (7) 

MT-''{t) = {yeR^:M2{t)y = Q}. (8) 
JleMa 1. Uidnpocmopu M^{t) ma M^{t), k G {n,p}, sadoeoAbHRmmb yMoeu 

M'^it) = M^-''{t) = ker <l>2(t), M™-"(t) = Mf (t) = ker <l>i(t). 

CnpaBfli, 3a BjiacTHBocTSMH MaTpnii;! Mi(t) sarajitHHM posb'sskom piBHSHHH, mo BHsnanae 
ni^npocxip ( E]) , e (J)yHKn;i5i 

y = M^{t)c{t), (9) 

fle c{t) — ^oBijiBHa 4)yHKn;i5i is sHaHeHHHMH b R"^. 3a BjiacTHBocxHMH MaxpHii;! M2{t) sarajitHHM 
POSb'hskom piBHSHHa, mo BHSHanae ni^npocTip (IH])j e cjiyHKi^m 

y = {E- M2{t))c^{t) = M^{t)c^{t). (10) 

SarajiBHi posb'hskh posrjiH^yBaHHX piBHSHb cniBna^aiOTB npn c{t) = Ci{t), mo /i;oBO^HTt. piB- 

HiCTB M"(t) = M^-^it). 

Is BHSHaneHHa M™~^ BHnjiHBae, mo 

M™-P(t) = ker M2(t) = ker ($+(t)$2W). 

A ocKijiBKH ker = 0, to Koa<;Horo x, ^jia axoro $^(t)$2(^)3; = 0, 6y^e BHKonyBa- 

THCb cniBBmHomeHHa $2(^)2; = 0, TOMy ker ($^(t)$2(^)) = ker $2(^)- U,e ^obo^htb nepmy is 
piBHOcxeii jieMH 1. Jlpjra i'l piBHicxt ^obo^htbch anajiorinHO. 

JleMa 2. BidoBpaotceHHR ^i{t) : y = e ducpeoMopcfjisMOM i?" e M"(t), a eido- 

6paMceHHsi : y = e ducpeoMopcfjisMOM i?" e M™^"(t). 

/],OBefleMo nepme s xBep^JKeHt jieMH 2, 60 ^pyre ^obo^htbc5i anajiorinHo. 



e HenepepBHO 



( 

MaTpHii;5i $1 (t), SK 6jiok MaxpHm, oGepneHoi ]\o MaxpHm ; ; 

(|)epeHii;iHOBaHoio xa Mae nenepepBHo ;];H(|)epeHii;iHOBaHy nceB;i,oo6epHeHy MaxpHii;io, hkoio e 
MaxpHn;5i ToMy ^jia ^OBe^eHHH nepmoro s XBep^JKent jieMH 2 sajiHinaexbCH ^OBecxH, mo 

Bi^o6pa>KeHHa : -R" — M"(t) e roMeoMop(|)isMOM. 

OckIjibkh ker$^(t) = 0, xo ^Xii) e roMeoMop(|)isMOM i?" b o6pas ^X{t;R"') npn BifloGpa- 
jKeHHi : -R" -R™. SajiHinHjiocs flOBecxH, mo ^tit; K^) = M'^{t). 

Hexait n;e ne xax. To^i a6o icnye xaxa xonxa y G -R"), mo y ^ M"{t), a6o icnye xaxa 
xoHKa 1/ G M"(t), mo y ^ i?*"). 

B nepmoMy Bunsiflfiiy icnye xoHKa a; G -R" xaxa, mo |/ = ^i{t)x. Tofl} x = a xoMy 

1/ = = Mi{t)y. IJ,e osHanae, mo y G M"'(t), mo cynepennxb npnnymeHHio. 

B flpyroMy BHna;];Ky y = Mi{t)y, xoMy icnye xaxe c(t) G -R™", mo y = Mi{t)c{t). Oxjkc 
sa (|)opMyjioio y = Mi{t)c(t) = <l>|(t)$i(t)c(t) = (^t{t)x, ^e a; = $i(t)c(t), xo6xo y e 
o6pasoM xoHKH X npH Biflo6pa>KeHHi ^ti^) '■ ~^ 5 sBi^KH y G ^^^(t; -R"). IJ,e cynepennxb 
npHnymeHHK). 

2. OcHOBHa TeopeMa. 
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3ri;];Ho 3 BHKjiafleHHM panime Koacna nenepepBHo flH(|)epeHn,iHOBaHa MaTpni^a 

'^lit) \ ■■■■ ■ U \ • D Dm A- f 

^ I y BHna^Ky 11 HeBHpoflJKeHOCTi BHSHanae B (r; npocTopi itxit , m = dim I ^ 
^Ba ni^npocTopH 

ker = (t), n = dim<l>i(t) 

ker $2(t) = M™~"(t), p = dim<l>2(t) = m - n 

xa fl,Ba ;];H(|)eoMop(|)i3MH 

$+(t) : i?" Mi"(t) 

Hexafl € M^iR) — MaTpHij,a, nenepepBHa fljia Bcix t & R b {t;y) npocxopi R x R^. 

PoarjianeMO jiiniflHe BeKTopne nojie {t,y' = Q{t)y), iHxerpajiBHi KpHBi HKoro BUSHanaioTBCH 
P03b'33kom y = y{t) ^H(|)epeHn,iajiBHoro piBHSHHa 

§ = Q(t)y). (1) 

5Ikiii,o ofl^nH 3 ni;];npocTopiB Mj^(t) xa M™~"(t) e o6'e;];HaHHaM iHxerpajiBHHX kphbhx Bexxop- 
Horo nojia {t,y'), xo ftoro Ha3HBaioxb iHBapianxHHM ni;];npocxopoM ;];H(|)epeHij,iajiBHoro 
piBHSHHs ([T]) a6o BeKxopHoro nojia {t,y'). Kojih ni;];npocxip M^(t), k & n,p e iHBapianxHHM 
Bi^HOCHO piBHSHHS ([T]), XO pyx Horo xoHOK y B {t;y) npocxopi Bi^6yBaexbca He3ajie>KHO Bi^ 
xoro, HK pyxaioxbCH xohkh no3a ni^npocxopoM M^(t) sk fljia t > 0, xaK i ^jia t < 0. 

HocxaBHMO 3a^aHy: 3HaHXH yMOBH, npn jikhx ni/i;npocxip M^{t) e iHBapianxHHM mhoxobh- 
flOM piBH3HH3 ([T]) . EKBiBajiCHXHa HocxaHOBKa H,iei sajiam: 3HaHXH yMOBH, npn hkhx po3b'h3kh 
piBHaHHS ([1]) 3a;];oBOJit>Haioxt> oflny 3 flo^axKOBHX yjvioB 

y = M,{t)y (2) 

a6o 

M,{t)y = (3) 
fljia 6yflt>-3Koro t & R. 

Hapemxi, 3ri;i,Ho 3 xepMinojiorieio HejiiHifiHoi' MexaniKH KpnjioBa - BorojiioGoBa [1, 2] in- 
BapiaHXHHH MHoroBH^i, M'' (t) piBHaHHa ([T]) e inxerpajiBHHM mhoxobh^^om ([T]) , aKmo fl^jis flpBijih- 
Horo po3B'33Ky y = y{t) piBHSHHa ([1]) i3 cniBBi^HomeHHa 

y{t) e M\t), 

cnpaBe^jiHBoro aKorocb t = t^, BHnjiHBae fioro cnpaBefljiHBicxb jijiii 6y;];t.-HKoro t & R. 

OxjKe, nocxaBjiena naMH 3a;i,aHa xaxoac eKBiBajienxna sajxam npo 3Haxofl>KeHH5i yMOB, npn 
HKHX ni;i,npocxip M^{t) e inxerpajiBHHM MHoroBH;i,OM piBHanna ([T]). 

TeopeMa 1. Hexau Q{t) G M^(]R), ^{t) G M„„(M), m > n, <l>+(t) G M^„(R), rank<l>(t) = n. 
KpiM moso, Hexau Q{t) e Henepepenom, ma ^^{t) e Henepepeno du(f)epeHii,iuoeaHUMU 

(pyHKV^mMU dAfi ecix t G M. BiAtme moeo, nexau e Mampuv^em, nceedooBepHeHom dAH 

MampuiL,i Hapemmi, nexau 

M'^{t)=yeW^: y = M{t)y, 

M™-"(t) =yeW^: M(t)y = 



ma 

M{t) = 

L(M, Q) = ^ + MQ- QM. 

Todi: 

1. Uidnpocmopu M^{t) ma M™'~'*(t), esnmi pasoM, e meapianmHUMU MHOzoeudaMU du- 
(pepeH%iaAt>H020 

ft = ^^^^y 

modi i Jiume modi, kojiu euKonyem'bCA yMoea 

L{M{t),Q{t))^0. 

2. Uidnpocmip e ineapianmHUM MHOsoeudoM du(f)epeHii,iajibH030 (I) modi i Jiume 
modi, KOAU 

L{M{t),Q{t))M{t) =0 

dAH 6ydt>-HKoeo t G M. Kpiu mozo, koau M'^it) e ineapianmHUM MnozoeudoM piennnnn (I), 
mo na M"'{t), euanaHenuM du^eoMop^isMOM ^~^(t) : 

pieHAHHH (I) eKeieajienmne pienAHHto 

^ = Pit> {II) 

3 Mampuv^ew Koecfjiv^ienmie 

^^^^ = + 

mo6mo, (pyndaMenmaji'bHi Mampu%i pose'fisKie pieuAHb (I) ma (II) Y{t) i X{t), Y{0) — E i 
X{Q) — E & M„(]R) aadoeojibHAtomb cnieeidHomenHAM 

F(t)$+(0) = ^+{t)X{t), 

X(t) = $(i)y(i)$+(0) 

d/iA 6ydb-AK030 i e M. 

3. Hkxjuo M'^'^{t) e ineapianmnuM MHOsoeudoM pieHAHHH (I), mo 

ker L{M{t),Q{t)) D M™-"(t) 

d/iA Sydb-AKOso i e M. 

nepeH/j,CMO /j,o /j,OBC/j,eHHa TeopeMH. Hexaii 

L{M{t),Q{t)) ^0 VieM. (4) 
PoarjiflHeMo cJ)yHKn;iio 

r^{E-M{t))y{t), (5) 
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flfi y = y{t) — P03b'h30K piBH3HHH (1), BHSHaHeHHH nOHaTKOBHMH yMOBaMH 

y{to) = M{to)c (6) 

c — flOBijiBHa xoHKa npocxopy M"^. Sri^Ho is BHSHaneHHSM (|5]), 4)yHKii;i5i r naGyBae npn 
t = to HyjiBOBoro SHaneHHa 

r = r° = - M{to))y{to) = {E - M{to))M{to)c = 0. (7) 

/]^H(|)epeHn;iioioHH (|)yHKn;iio ([5]), oxpHMaeMo, mo 

= - + M(t)Q(t) - g(t)M(t)^ yit) - Q{t)M{t)y{t) = 

= -L{M{t),Q{t)y{t) + Q{t){y{t) - M{t)y{t)) = Q{t)r. (8) 
3ri;];HO s (JTj), is ((Hj) BnnjiHBae, mo £{t) = 0, otjkc, 

y{t) = M{t)y{t) Wt e R. (9) 

OcKijiBKH, s o;i,Horo 6oKy, rankM(t) = rank($+(t) + < min(rank rank$(t)) = n, 

a s APyroro - n = rank = rank ($(t)M(t)$+(t)) < rankM(t), to 

rankM(t) = n ^jih Gy^t-aKoro t G M. To^i niflnpocxip b M™, mo BHSHanaeTbCH TOHKaMH 
([5]), e n-MipHHM, i ocKijiBKH TOHKH ([6]) HajiejKaxb ni^npocxopy M"(to), to niBnpocxip M"(to) 
s6iraexbca s ni^npocxopoM, BHSHanenHM piBHSHHaM (|6]). PiBnicxt (|9]) osnanae xo^i, mo 

?/(t) G M"(t) Vt G M 

6y;];b-HKoro posB'asKy piBHSHHH (1) s nonaxKOBHM sHaneHHHM y{to) = M{to)c ^jia ^o- 
BijiBHoro c G M™. ]J,e osnanae, mo niBnpocxip M"'{t) e inBapianxnnM MnoroBH^OM piBnanns 
(1). 

BnsnanHMO xenep posB'asoK y = y{t) piBnanna (1) nonaxKOBHMH yMOBaMH 

y{to) = {E- M(to))c, (10) 

flfi c — ^OBijibna xonxa M™, xa posrjiHneMO (|)ynKn;iio 

n = M{t)y{t). (11) 

flH(|)epenn;iioionH n,io 4)ynKn,iio, oxpnMaeMo, mo 



dt dt 

= + M{t)Q{t) - Q{t)M{t)^ yit) + Qit)M{t)y{t) 



= L(M(t), Qit))yit) + Q{t)r = Q{t)r. (12) 
OcKijiBKH sri^no s BHsnanennaM (|)ynKn;i3 ri b xonn,i t = to na6yBae nyjiBBoro snanenna 

n = r° = M{U)y{to) = Mito)iE - M{to))c = 0, (13) 



TO is f lT2|) Ta (fT3|) BHnjiHBae, mo ri(t) = ^jih Gy^b-HKoro t G M, otjkc, 
M{t)y{t) = Vt e M, 



mo ;];obo;];htl. cnpaBe;];jiHBicTb BKjiioHeHHa 

G M'^-"(t) (14) 
fljia 6yflB-3Koro t G M. 

PosrjianeMO rank {E — M{to)) = m — rankM(i:o) = m — n. OxjKe, ni^npocTip, CTBopeHHii 
TOHKaMH ( !T0|) . e (m — n)-BHMipHHM Ta sGiraeTtcH 3 ni^npocTopoM M'^~"(to)- BKjiioHeHHH (fl^ 
TOfli osnanae, mo ni^npocTip M™'~"(t) e iHBapiaHTHHM mhotobh^^om piBHanna (1). 

HaMH ^oBe^eno, mo yMOBa L{M{t),Q{t)) = e ^ocTaTHboio ^jih toto, ujp6 niflnpocTopn 

M^{t) Ta M'"~"'(t), B35ITi paSOM, 6yjIH iHBapiaHTHHMH MHOrOBH^aMH piBH3HH3 (1). 

Hexafl ni;];npocTip M^{t) e iHBapiaHTHHM mhotobh^om piBHSHna (1). PosrjianeMO posB'asKH 

piBHHHHa (1) 

y = r(t)<i>+(o)c, (15) 

fle c — flpBijihHa TOHKa M™. Is Toro, mo 

y{0) = r(0)<l>+(0)c = <l>+(0)c G M"(0), (16) 

BHHJIHBae BKJIIOHeHHS 

F(t)<l>+(0)c G M" VtGM. 
LI,e osHanae, mo 

F(t)<l>+(0)c = M(t)F(t)<l>+(0)c (17) 



fljiH ^oBijiBHoro c G M'", otjkc, i fl^jis o^hhhhhhx opTiB npocTopy M™. Tofl^i is ( ITTI) BHHjiHBae 

CHiBBiflHOmeHHS 

y(t)$+(0) = M(t)r(t)$+(0) (18) 

fljiH 6yflB-aKoro t G M. 

HosHaHHMo Hepes Xf MaTpHn;io 

Xt = ^t)Y{t)^+{0) (19) 

Ta sannmeMO (fT8|) y BHrjia^i cniBBi^HomeHHH 

F(t)<l>+(0) = $+(t)Xi, (20) 

HKe cnpaB;i,>KyeTbCH fl^jis 6y;];b-HKoro t G M. /]^H(|)epeHn;iioioHH (120|) . s ypaxyBannaM cniBBi;];HO- 
HieHB (fTSj) . (I19p oTpHMyeMo, mo 

g(t)y(t)$+(o) = ^^x, + $+(t)^, (21) 
Q(t)$+(t)x, = ^^^x* + $+(t) (^^x,<i.+(o) + $(t)g(t)r(t)$+(o) 



Bi^HaBniH (12T]) si^ (122|) . oxpHMaeMo piBHicTb 



LI,e flOBOflHTb, mo 



(23) 



fljiH 6y;];b-aKoro t G M. OcKijibKH ker$+(t) = 0, to piBHicxb (123|) MOJKjiHBa jiHine To;];i, kojih 
^ = ^W^*' (24) 



pit) = (^^ + mQit?j^Ht). (25) 

OcKijIBKH 3a BHSHaHeHHHM 

Xo = <l>(0)r(0)<l>+(0) = E, Ee M„, (26) 

TO 

Xt = X{t) Vt G M. (27) 
Otjkc, kojth M'^{t) e iHBapiaHTHHM mhotobhaom piBHSHHa (1), to (120|) Ha6yBae BHrjia^y 

y(t)$+(0) = <l>+(t)X(t), (28) 
fle X{t)^ -^(0) = E — (|)yH;];aMeHTajibHa MaTpHn,3 posb'sskIb piBHHHHa ( 12^ . 

/],OMHOJKHMO ( [25]) SJliBa Ha $ (t) Ta OTpHMaeMO 

X(t) = <l>(t)r(t)<l>+(0). (29) 
npoflH(|)epeHii;iioBaBmH ( [18]) , o^^epacHMo 

Qr(t)<l>+(0) = (^^^^ + M{t)Q{t) - Q{t)M{t)^ r(t)<l>+(0) + QM(t)r(t)<l>+(0). (30) 



Is ( [30]) 3 ypaxyBaHHiiM ( [18]) BHnjiHBae, mo 

L(M(t),Q(t))y(t)$+(0) = 0. (31) 
Is ( [3T]) Ta ( [20]) OTpHMyeMO 



L(M(t),Q(t))<l>+(t)X(t) = 0. 
/I,OMHo>KHBmH n;io piBHicTb cnpaBa na X^^{t) o^epjKHMo ocTaTOHHHii pesyjitTaT: 

L(M(t),g(t))r(t)$+(t) = (32) 



fljiH Gy^nb-sKoro t E R. 

OxjKe, 3 Toro, mo ni;];npocTip M^{t) e mxerpajibHHM, BHnjiHBae BHKOHaHHa Bcix yMOB, 
BHSHaneHMX xeopeMoio ^jia n;boro BHna^Ky, ^ochtb jiHine piBHicxb ( |28|) sanHcaxH jik piBHSiHHa 
ni^npocTopy M"(t) b napaMeTpHHHOMy BHrjia^i 

y = X G i?", t e i? (33) 

Hexafi BHKOHyeTbCH yMOBa 

Vt G : i:(M(t), Q(t))<l>+(t) = 0. (34) 

/I,OMHo>KHBmH ( cnpaBa na MaTpHn;io <l>(t)X(t), j\e X{t) — 4)yHflaMeHTajibHa Maxpni^a 

p03B'33KiB piBHHHH3 ( 3 MaxpHI^eiO KOe(|)ilJ,ieHTiB ( [25]) . X(0) = E, OTpHMaeMO piBHiCTb 

Vt G : i:(M(t), Q{t))M{t)X{t) = 0. (35) 
Po3rji3HeMO xenep 4)yHKn;iio 

r = y(t)-$+(t)X(t)c, (36) 
fl^e y = y{t) — po3b'}I3ok piBHaHHH ( xaKHfl, in;o 

y{to) = <l>+(to)X(to)c, (37) 

a X(t), X(0) = E — 4)yHflaMeHTajIL.Ha MaxpHI^H p03B'5I3KiB piBHSHHS 

f = (38) 

3 MaxpHi^eio Koe(|)iii;ieHTiB ( 1251) . 

/lH(|)epeHii;iioK)HH (|)yHKi];iio ( [36]) , o^epacyeMO 

^ = - + <^Hmt)X{t)^ = Q{t){y{t) - $+(t)X(t)c) + 



+Q(t)$+(t)X(t)c - (^^^^ + <l>+(t)P(t)X(t)cj 



Q(t)^ - ( ^5:Jr^ + ^^it)P{t) - Q(t)$+(t) ) Xit)c . (39) 



^OBefleMo, mo ;i,pyrHH ;i,o;i,aHOK b ( [39]) ^opiBHioe 0. CnpaB^i, BpaxoByioHH ( |25|) . MaeMo 



+<^'^(t)^$nt) + M(t)Q(t)$+(t)-g(t)<i>+(t) = (^^$(t) + <i>nt)^ *+(t)+ 
+M(t)g(t)$+(t) - Qit)M{t)^+it) + g(t)M(t)$+(t) - g(t)$+(t) = 

'rfM(t) 



(it 



+ M{t)Q{t) - Q{t)M{t) $+(t)+ (40) 



I3 BpaxyBaHH5iM ( |40|) piBHicTb ( |39|) HaGyeae BHrjia^y 

I^OW--. (41) 

OcKijibKH npH t = to (|)yHKij,ia ( [36|) sri^HO 3 BH6opoM SHaneHHa ?/(to) Ha6yBae nyjibOBoro 
SHaneHHa: 

r{to) = y{to) - ^+{to)X{to)c = 0, 

TO 3 ( |4T]) BHHjiHBae, mo 



\/teR: r(t) = 0, (42) 



Vt G i? : = <l>+(t)X(t)c, (43) 

c — flOBijiBHa xonxa npocxopy i?". 

OcKijiBKH ( H3|) — napaMeTpHHHHH BHpaa piBHSHHs niflnpocTopy M"(t), to ( H3|) osnanae, 

mo 3 yMOBH 

y{t) e M^(t) (44) 



^jiH 3HaHeHH5i t = BHnjiHBae BKjiioHeHHa ( 144j) ^jia ^oBijibHoro t E R. IJ,e ^obo^htb, mo 
yMOBa ( IMl) e He jinme Heo6xi;];Hoio, ajie fl ;i,ocTaTHBoio fljia xoro, moS ni;];npocTip M"(t) 6yB 

iHBapiaHTHHM MHOrOBH;];OM piBH3HH3 ([T]). 

IJ^e saBepmye flOBefleHHa ^pyroro 3 xBepflJKeHb TeopeMH 1. 

Hexafl nmnpocxip M^~^{t) e iHBapiaHTHHM mhofobhaom piBHSHHH ([1]). Po3rji5iHeMo po3b'33kh 
y = y{t) piBHHHHa ([1]), BH3HaHeHi (|)opMyjioio 



yit) = Yit)iE-M{0))c, 



c — ^oBijiBHa xonxa i?™. 
I3 Toro, mo 



M(0)y(0) = M(0)r(0)(^ - M(0))c = M(0)(E - M(0))c 
BHHjiHBae, mo y(0) G M™-"(0), a TOMy Vt G i? : 2/(it) G M'"-"(t). LI,e flOBOflHXb, mo. 

VtGi?: M(t)r(t)(^-M(0))c = 0. (45) 
/],H4)epeHn;iioioHH n;io piBHicxt, oxpHMyeMo 

yteR: {^^^ + M(t)g(t) - Q{t)M{t)^ Y{t){E - M(0))c+ 

+Q{t)M{t)Y{t){E - M(0))c = L(M(t), Q{t))Y{t){E - M(0))c = 0. (46) 
To^KH y = {E — M(0))c BH3HaHaioxb Hi;i,Hpocxip M™'~"(0), a xoMy piBHanna 

y = Y{t){E - M{0))c ceR"", teR (47) 



BHSHanae niflnpocTip "(t) b napaMeTpHHHm 4)opMi, a xoMy piBHicxb ( H6|) osHanae, mo. 

yteR: ker L(M(t), Q(t)) D M™-"(t) (48) 
OxjKe, BKjiioHeHHa ( HHj) e neoGxiflHoio yMOBoio fl^jis Toro, mp6 ni^^npocxip M^~'^{t) 6yB in- 

BapiaHTHHM MHOrOBH^OM piBH3HH3 ( [T]) . 

Hexaii Koacen is ni^npocxopiB M^{t) xa M"^~'^{t) e iHBapianxHHM MHoroBH^OM piBHHHHH 
([I]). To^i 3 piBHOcxi ( [3TI) BHnjiHBae, mo 

yteR: ker L(M(t), Q(t)) D F(t)M(0)c, (49) 
fle c — flOBijiBHa xoHKa i?"^. Bijitme xoro, ocKijibKH piBHanna 

|/ = F(t)(E-M(0))c cGi?™, tGi? 
BHSHanae ni;i,npocxip M"(t) b napaMexpHHHifl 4)opMi, xo is ( SH]) BHnjiHBae BKjiioHeHHa 

\/teR: ker L(M(t), Q(t)) D M"(t) (50) 
OxjKe, HKmo KOJKeH is ni^npocxopiB M^[t) xa M'"~"(t) e iHBapianxHHM mhoxobh^om piBHSHHa 

(□P), TO 

MteR: ker L(M(t), Q(t)) D (M"(t) U M'"-"(t)) (51) 

OcKijiBKH rank M"(t) = n, rankM'^-"(t) = m-n xa M"(t) nM'"-''(t) = {0}, xo oG'eflHaHHs 
B npaBifi HacxHHi (|)opMyjiH ( |5T|) Micxnxb b co6i 6asy npocxopy R™'. ToMy s ( [32]) BHnjiHBae, 
mo 

Vt G M : ker L(M(t), Q(t)) D i?"". (52) 

OcKijiBKH ker L{M{t),Q(t)) G Mm(R) xo BKjiioHeHHH ( |52|) MOJKjiHBe jiHine xo^i, kojih 

ker L(M(t),Q(t)) = 0. (53) 

OxjKe, yMOBa ( |53|) e ne jiHine ^ocxaxntoio, a il Heo6xi^Hoio ^Jia xoro, iu;o6 Koxcen is ni^npo- 
cxopiB M"(t) xa M'^~"(t) 6yB inBapianxKHM mhoxobh^om piBHanna ([T]). 
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